In the presence of initial correlations quantum evolution cannot be described in terms of completely positive trace preserving maps. Taking inspiration from correlated spectroscopy, we demonstrate a method to determine such initial correlations between the system and the environment. Our spectroscopic method extracts this information by performing conditional preparations. We apply this tool to nitrogen vacancy centers in diamonds embedded in cavities and demonstrate the ability to extract essential information such as effective number of spins interacting with the cavity.
In the presence of initial correlations quantum evolution cannot be described in terms of completely positive trace preserving maps. Taking inspiration from correlated spectroscopy, we demonstrate a method to determine such initial correlations between the system and the environment. Our spectroscopic method extracts this information by performing conditional preparations. We apply this tool to nitrogen vacancy centers in diamonds embedded in cavities and demonstrate the ability to extract essential information such as effective number of spins interacting with the cavity.
I. INTRODUCTION
Quantifying the inherent correlations and dynamics of complex quantum systems is the first step to practical quantum technologies. At present, majority of the techniques available for the dynamical evolution of an openquantum system are based on Born approximation, which assumes that the initial system-environment correlation is negligible. The absence of correlations between system and environment guarantees that the evolution of the reduced system is given by completely positive trace preserving maps (CPTP) between the reduced system states [1] . The most general dynamical equation that describes such evolution is given by the GKLS master equation [2] . These tools fail in the presence of initial correlations, which is often present in strongly correlated nanoscale system-environment dynamics [3] [4] [5] .
The factorization approximation, of which the Born approximation is a simplification is reasonable when the system and environment are weakly interacting with each other. However, if an otherwise weakly interacting system-environment has significant initial correlations, then the reduced dynamical map describing the system evolution can be "not completely positive" (NCP). Such NCP-maps have been explicitly discussed in the literature from a mathematical point of view [6] [7] [8] and several theoretical results have been established relating to violation of laws of physics as a consequence of NCP-maps [9, 10] . Several other techniques based on entanglementbreaking channels [11, 12] have also been proposed.
Though it is convenient to a-priori assume that a d-dimensional quantum system is in contact with a Born-Markov environment, these set of assumptions are too strong for mesoscopic quantum systems. A good technique to not make such assumptions is to perform state/process tomography. While state tomography of an d × d density matrix scales as O(d 2 ), process tomography scales as O(d 4 ) and process tensor tomography scales as O(d 6 ) making it impractical to perform process or process tensor tomography on even modest systems. This has practical consequences, such as the fact that several forms of standard spectroscopy often only rely on the Hilbert space dimensionality of the system and the Born-Markov assumption. It would hence be relevant and timely to arrange for spectroscopic techniques that neither relied on the exact number of dimensions of the Hilbert space of the system nor on whether these degrees of freedom are interacting with an environment. In this manuscript, we propose one such method which we call prepare-probe spectroscopy (PrePSy).
We propose a modification of correlated spectroscopy and show that we can selectively detect different types of environmental correlations and furthermore measure them under some assumptions (detailed below). Our spectroscopic method extracts information about the initial correlations between the system and the environment by utilizing the role measurements play on correlated systems. Such methods were previously used to characterize NCP maps [12] , modify information theoretic bounds [13] and witness initial correlations [14] . We elaborate this technique with a toy model and further emphasize the advantage of this tool by characterizing the effective interaction in multiple nitrogen vacancies (NVs) within a cavity.
II. PREPARE PROBE SPECTROSCOPY (PREPSY)
To study systems which might be initially correlated with their environment, it is well known that an entanglement breaking channel can be used to prepare the [10] [11] [12] the system in a given state, which conditions the environment depending on the measurement outcome. Assuming that we have control over one spin of an unknown k-spin system, we deploy this conditioning alongside two-dimensional phase-coherent spectroscopy arXiv:1912.06632v1 [quant-ph] 13 Dec 2019 and demonstrate how the two techniques in tandem can detect initial or intermediate correlations in quantum systems alongside detecting the hidden Hilbert space dimensionality of the system.
A. Step 1 : Conditional Preparation
In the first step, projective measurement on the system is implemented followed by a unitary operation for preparing the system. If the initial state of the systemenvironment is given by
where R is the total state of the system and environment, ρ and τ are the marginal state of the system and environment respectively, and χ is the correlation matrix.
The measurement E m projects the system state onto |m , which leads to
Here σ (m) is the post-measurement state of the environment, which depends on the measurement outcome in the instances where the system and environment are initially correlated. In presence of initial system environment correlations, projective measurement performed on the system affects the post measurement environment state. The choice of projective measurement operator is crucial as it influences what type of system environment correlation is retained within the environment. Since the system after the measurement has no correlations with the environment, CPTP formalism is valid on the total state. Next, the system state is initialized by unitarily evolving to a standard state irrespective of the outcome of the projective measurement. The selection of the standard state will have an impact on the process ahead. The standard state must be selected on the basis of the type of correlation to be measured and experimental feasibility of that unitary operation. For sake of representation, without loss of generality the standard state has been chosen as |0 . The total state changes as follows,
where U m tranforms |m to |0 . Thus after initialization, regardless of the outcome of the projective measurement, the system state is always |0 0|. Hence any difference between the system state of any two possible outcomes depends only on the initial correlations via the post-measurement environmental state σ (m) .
B. Step 2 : 2D Phase Coherent Spectroscopy
The next step has been inspired from 2D Phase coherent spectroscopy which entails double time-delayed pulsed evolution [15, 16] . An elementary example of 2D spectroscopy is shown in Fig 1, where the delay t 1 and t 2 is individually varied. Consequently, the signal recorded post evolution will be a function of t 1 and t 2 , and after Fourier transforming the data generates the 2D spectrum common to spectroscopy. The additional benefit of 2D spectroscopy is the observation of coherent population transfer channels in a multipartite system along with the standard benefit of source (such as proton for NMR) detection seen from 1D spectroscopy. The population transfer channels consist of all the valid transitions possible in the system facilitated by the interaction Hamiltonian. For PrePSy, the first pulse in 2D spectroscopy pulse sequence is substituted with conditional preparation step. Thus after the conditional preparation, the system and environment evolve for time t 1 followed by a (Π/2) pulse generated by suitable rotation operator (Â). We use the NMR definition of (Π/2) pulse and loosely extend it to the system Hilbert space to denote a π/2 rotation in a plane defined by the operatorÂ acting on the prepared state. This is succeeded by evolution by time t 2 .
C. Step 3: Measurement
The last step is the measurement step where a suitable system observable is measured. Since after conditional preparation, the output state will be one of the many possible eigenstates in the eigenspace of the measurement operator, the complete process from step 1 is repeated until PrePSy is applied to each possible outcome of conditional preparation. Thus the number of measured signal scales favorably with the dimension of (only) the system. The measured signals are pairwise differenced to amplify effect due to the presence of initial correlations. Each of these N 2 pairs is then Fourier transformed to generate the spectrum. Fig 2 shows the complete procedure for Prepare Probe Spectroscopy (PrePSy).
An appropriate choice of the projective measurement, rotation operator of the Π/2 pulse and final measurement observables will ensure that the initial correlations are always captured by PrePSy as shown in Appendix A & B.
FIG. 2. Schematic of the Preparation Probe Spectroscopy (PrePSy). The first part is the preparation part where conditional measurement is performed.The second part is the probe part which is a time delayed pulse and time delayed measurement. Finally difference of the measured signals is taken followed by a Fourier transform.
III. TOY MODEL
A generic Hamiltonian for the system and environment is written as H = H 0 + V , where H 0 is a diagonal Hamiltonian that defines the joint energy levels of the system and environment. The interaction Hamiltonian V may be off-diagonal to promote transitions between different levels. Likewise, we can write the density matrix in the Fano representation as
Hermitian traceless matrix basis. In this section, we consider a minimal toy model of a qubit system coupled to a qubit spin environment. In the next section we consider a more physically interesting problem involving six spins coupled to a cavity.
A. Hamiltonian & Initial State
As an illustrative example, let us consider a two-qubit system and write
Where S i s are the spin−1/2 angular momentum. ω (s) and ω (e) are the energy difference between the two states of the system and the environment spin respectively. λ (ij) is the coupling between the two spins. For the initial state, the general density matrix of two qubits can be parametrized as
where σ = (σ x , σ y , σ z ) and σ i s are the Pauli matrices and u, v, w jk ∈ R 3 . Using singular value decomposition , matrix W = {w jk } can be written as W =
Thus a general two qubit state can always be reduced, up to local unitary equivalence, to a state in the above form, Since focus is on the correlations in the bipartite system, we set a = b = 0. Thus considering only the maximally mixed marginals. Hence the system-environment state is given as
ere c j are real constant satisfying certain constraints such that R is a well-defined density operator. For this model, arbitrarily chosen c j and {ω (s) , ω (e) , λ (ij) } were used to apply PrePSy where the initial projection measurement is |x and |−x . The Π/2 pulse is chosen to be in a direction perpendicular to the projective measurement i.e., about the z-axis. The final measurement is chosen to be a population of |x . The "Difference" step is the difference of the two signals obtained. In the appendix, we present a calculation to understand the interaction between the various matrix elements discussed in producing the signal detected.
B. Result : Correlation Detection
The preliminary test of PrePSy is the successful detection of correlation. A trivial case to consider is when there is no initial correlation (c j s = 0). Since the result of the conditional preparation step will be indistinguishable if there is zero correlation irrespective of the measurement result, applying PrePSy will always give zero.
For the non-zero correlation case, applying PrePSy for initial measurement basis vector to be along x-direction gave the results shown in Fig 3. Thus obtaining nonzero data implies that it does detect correlation correctly. The peak position, shape are dictated by the Hamiltonian similar to 2D coherent spectroscopy. 
C. Result : Correlation Measurement
The position of the peaks describes a transfer of population and thus depends on the interaction Hamiltonian. The intensity of the peak represents the quantity of the population transferred and, hence, depends on the initial density matrix and thus the initial correlations. Upon measuring the variation of intensity of any signal with the correlation strength, a linear dependency is revealed as shown in Eqn. B4 which shows that derivative of the signal with T jk is independent of T . Linearity is not surprising because the master equation is linear in the density matrix, which contains the correlation. Plot of total signal intensity F vs correlation is shown in Fig. 4 To measure correlation of some setup, if the equation of the line is known, then by applying PrePSy and measuring the total intensity of the signal F, correlation can be calculated. To know the equation of line two data points are required out of which one is trivial i.e. line passes through (0,0). One more data point, if acquired, should be sufficient. However, knowing the system-environment correlation apriori is a tricky affair. If the Hamiltonian of the system -environment is entirely known, then, the correlation matrix between the system and environment in the Gibbs thermal state can be calculated. Performing PrePSy on the thermal state of the system and environment should give an additional data point.
Since the master equations are linear, each value in the parameter space should have a unique 2D plot. Hence a brute force method is to learn the type of Hamiltonian and the correlation from the 2D spectroscopy data, which only works for small number of spins.
IV. APPLICATION : CAVITY QED WITH NVS
Color centers in solids such as in diamond [17] and SiC [18, 19] are suitable quantum emitters for implementing a spin-photon hybrid system for quantum information processing [20, 21] , boson sampling [22] [23] [24] , quantum key distribution [25, 26] and entanglement distribution [27] [28] [29] . The majority of the color centers possess a spin degree of freedom with advantages such as a long spin decoherence time at room temperature [30] [31] [32] and optical readout of spin state [33] . Among various attempts for solid-state cavity QED systems, NVs coupled to a photonic crystal cavity [34, 35] , microsphere resonator [36, 37] , or microtoroids [38, 39] have emerged as a promising candidate.
However, developing reliable interfaces between photons and the quantum emitters is difficult due to their complex environment which causes a significantly small fraction of fluorescence contributed by zero phonon line and also low coupling strength. Moreover, the position of quantum emitters is random to a certain degree [40] . Thus scaling to multiple quantum emitters coupled with photons is more challenging.
Additionally the interaction between individual quantum emitters are measured with cavity photons via the Purcell enhancement of the spontaneous emission [41] and hybridization of the electronic state [42] . However, for multiple emitters interacting with photons, although dipole-dipole interaction between the emitters is negligible, emitter-emitter interaction will exist through photon mediation. This will give rise to entanglement [43, 44] . Thus for many quantum emitters interacting with cavity photons, characterization using previous methods becomes nontrivial. We present PrePSy as an auxilary characterizing technique for such systems where coupling between entities is stronger than the decoherence for collective effects to arise. We demonstrate with PrePSy for multiple NVs trapped within a cavity the ability to read off parameters like coupling constant, the quantity of NVs coupled to the cavity. We choose a single NV to be the system and the cavity, along with other NVs to be the environment. The nitrogen-vacancy center has a S = 1 electronic ground state and is labeled as 3 A 2 = |E 0 ⊗ |m s = 0, ±1 where |E 0 is the orbital angular momentum state. The optical transition between the ground state and excited state manifold is spin preserving but will change the orbital angular momentum. The optical photon mediated NV -NV coupling can be reduced to an effective pairwise Jaynes-Cummings model with the help of laser-induced Raman transition between two centers via the exchange of virtual cavity photons [45] .
To show this consider ( Fig 5) that the cavity mode in optical regime couples to the NV transition between the excited state (|e := 1/ √ 2(|E − |m s = 1 + |E + |m s = −1 ) and a states in the ground state manifold (|0 := |E 0 |m s = −1 ), with coupling constant g j and detuning ∆. The selectivity of the states is because of the spin selectivity nature of the optical transition and this particular Λ type transition was recently used for spin-photon interaction [42] . Under the condition ∆ g j , the photons can be adiabatically eliminated. To perform adiabatic elimination the cavity mode operator is made time independent (ȧ = 0) using the Heisenberg Langevin equation [43] . The corresponding Hamiltonian is reduced to
In addition to cavity interaction, a largely detuned σ + laser is coupled to the same transition with Rabi frequency Ω j and detuning ∆ (∆ Ω j ). The purpose of this laser transition is to eliminate the stark shift term of the state |0 generated by the vacuum state of the cavity.
Another adiabatic elimination of the excited state manifold of NVs is possible if a σ − laser is coupled to |e ↔ |1 (where |1 = |E 0 |m s = +1 and Rabi frequency is Ω j ) to create a two photon Raman process Fig.6 . The effective Hamiltonian in the subspace of
FIG. 6. Raman transition between two NV centers in dressed state basis i.e |± = (|01 ± |10 )/ √ 2 with coupling Θ = g1g2/∆ where, ξ = Ω 1 Ω 2 /Θ and Θ = g 1 g 2 /∆. The adiabatic elimination is valid only when the effective NV -NV coupling is much large with respect to the laser coupling ( Θ Ω 1 Ω 2 ). If effective pairwise coupling is uniform i.e. ξ i,j = ξ∀i, j then the group of two level system Hamiltonian can be rewritten in terms of collective angular momentum operators (J x , J y , J z ) as
where N is the number of NVs in the cavity. We simulate the density matrix evolution given in Eqn. 10 . The decoherence process for the Lindblad master equation are the standard cavity decay and spontaneous emission, given bẏ
whereâ is the annihilation operator for the cavity mode, and σ αβ = |α i β i |
B. PrePSy result: Cavity QED
The initial state is selected to be the Gibbs state as generating thermal state implies simply the free evolution of the system-environment. For the NVs-Cavity system, the coupling strength of the interaction Hamiltonian can be orders higher than the cavity decay rate [46, 47] . Hence the thermal state will have significant correlations between the system NV and other NVs in the cavity because of the photon-mediated coupling. For applying PrePSy, conditional preparation is performed with the projection operator as |±x ±x| defined in the Hilbert subspace of |±x and the system is initialized to |+x . The π/2 rotation is generated byσ z in the same Hilbert subspace.
The final measurement is the population of the system NV in the state |+x . Results for PrePSy simulation for an open quantum system dynamics of 6 NV centers trapped in an optical cavity is shown in Fig 7. The result of PrePSy displays peaks placed uniformly in the frequency domain. Similar to standard 2D coherent spectroscopy, the position of the peak corresponds to the gap between the energy levels. For convenience, consider Hamiltonian for six spins given by Eqn. 11, the energy seperation between two levels in term of quantum numbers (j, m) is
For all possible combination of (i, j) a peak will be observed in the 2D map. A peak at (x, y) corresponds to transition of energy x during t 1 and transition of energy y during t 2 . For example the energy gap between |0, 0 and |1, 1 is 4χ = 0.004 which is visible in the figure at (0.004, 0.004). Thus from PrePSy pairwise coupling for simple systems can be easily calculated.
Since there is decoherence in the form of spontaneous emission and cavity decay, higher energy levels eventually are depopulated, thus all peaks will not appear in the image and the higher peaks are generally less visible. The total number of peaks visible corresponds total number of transitions possible. For 6 spins there are 10 distinct eigenenergy levels and 12 distinct energies of the transition. However the figure displays approximately 6 distinct energies which indicates the presence of decoherence and is equivalent to 4 spins interacting without decoherence. From this point of view, in the presence of noisy environment 6 NVs in the cavity are effectively just 4 NVs in the cavity without any decoherence.
V. CONCLUSION
Several important problems in mesoscopic quantum systems rely on our understanding the initial correlations between the system and the environment. In this manuscript, we demonstrate an experimentally feasible method called PrePSy -Prepare Probe Spectroscopy. Our approach is inspired from two experimentally feasible techniques, namely measurements and 2D phasecoherent spectroscopy. Since PrePSy assumes nothing about the system-environment and is motivated for generic quantum systems, our method can be deployed to study initial correlations for a vast array of practically relevant physical systems.
Furthermore, we apply these techniques to hybrid quantum systems. For multiple NVs trapped in cavity, we extract effective number of NVs capable of interacting in presence of decoherence and the effective NV-NV interaction by probing a single NV using PrePSy. Our method scales favorably with the system size and can hence find applications in characterizing complex quantum systems that might carry initial or intermediate correlations. Thus for χ i,j (where i = i s N s + i e , j = j s N s + j e and N s is the Hilbert space dimension of the system) to be retained after conditional preparation m|i s and j s |m should not be zero. Hence the projection operator |m m| should not be orthogonal to |i s and |j s .
For χ i,j independent signal, the derivative of signal with respect to χ i,j should be zero. If the final measurement operator is |n n|, the measured signal is N (t 1 , t 2 ) = T r (|n n| ⊗ I E ) ρ SE (t 1 , t 2 ) .
(B1)
|n n| and ρ SE (t) can be written in their element-wise format giving N (t 1 , t 2 ) as = Tr     k,l n kl |k l| ⊗ I E · is,js ie,je ρ SE isjs ieje (t 1 , t 2 ) |i s i e j s j e |     (B2) On simplification gives N = k,l,ie n kl ρ SE klieie (t 1 , t 2 ) where, ρ(t 1 , t 2 ) can be written using system-environment unitary evolution operators as = e −ιHt2 e −ιπ/2A e −ιHt1 ρ SE (0)e ιHt1 e ιπ/2A e ιHt2 . (B3)
Simply written as U · ρ SE (0) · U † for now, where U = e −ιHt2 e −ιπ/2A e −ιHt1 , H is the system-environment total Hamiltonian andÂ is a rotation operator. Here ρ SE (0) is given by Eqn. 3, where the element expansion is given Eqn. A2. Substituting back, differentiating with χ i s ,j s ,i e ,j e and on simplifying, ∂N ∂χ is,js ie,je = k,l,ie n kl m js m is U · 0, i e 0, j e · U † k,l, ie,ie
where m is (m js ) = m i s ( m j s ). If the projection operator |m m| is not orthogonal to i s and j s , then m is ,m js are non zero. For signal to be independent Eqn. B4 should be zero. This will lead to k,l,ie n kl U · 0, i e 0, j e · U † k,l,ie,ie = 0.
(B5)
Thus for χ i ,j independence, there should be no population change in |n n| due to 0, i e 0, j e under PrePSy. Hence there should exist seperate Hilbert subspace consisting of 0, i e 0, j e and |n n| respectively under Hamiltonian (H) and π/2 rotation due toÂ.
